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modulationAbstract To improve spectral utilization of communication system, a novel nonorthogonal pulse
shape modulation (NPSM) based on prolate spheroidal wave function (PSWF) is proposed. The
modulation employs nonorthogonal PSWF pulses to transmit information and it shows a higher
capacity than traditional orthogonal modulations. The NPSM capacity under the constraint of
finite input alphabet, which is determined by parameters of PSWF pulse, is derived. An optimiza-
tion model for maximal capacity of NPSM is constructed and an exhaustive self-adapting gradient
search algorithm for the model is proposed. A practical NPSM scheme with the maximal capacity is
obtained by this search algorithm and it is proved to be superior to orthogonal signaling in the
capacity. Our theoretical analysis is validated by numerical simulations and practical tests, and
the results show that NPSM outperforms orthogonal modulations in the capacity and has a lower
Peak-to-Average Power Ratio.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
To achieve high data rate transmission with a finite bandwidth
is the eternal pursuit for communication system. The state-of-
the-art efficient modulations such as orthogonal frequency
division multiplexing (OFDM) and quadrature amplitude
modulation (QAM) employ orthogonal sine and cosine func-tions to transfer information. The orthogonality eliminates
intersymbol interference (ISI) and facilitates the demodulation
and detection of received signals. However, the orthogonality
restriction is a rigid requirement for modulation signals, and
it is sensitive to the nonideal channel and hard to maintain.
The orthogonality restriction also limits the further improve-
ment of communication system performance. On the other
hand, sinusoidal functions have many fine mathematical prop-
erties and consequently are widely used in the communication
system.
In view of signal energy distribution in the time–frequency
domain, the area occupied by the sinusoidal functions in the
time–frequency plane is 2 Hzs, and sinusoidal functions are
not excellent in the energy concentration. Moreover, the rela-
tive bandwidth of sinusoidal functions is small, which restricts
the data rate of communication system.
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for efficient modulations. With the Euclidean distance of pulse
waveform maintained, Mazo showed that sending sinc pulses
up to 25% faster does not decrease the minimum Euclidean
distance of modulated symbols by reducing the time spacing
between two contiguous symbols.1,2 Rusek and Anderson
studied the constrained capacity of faster than Nyquist
(FTN) signaling with i.i.d. modulated symbols on additive
white Gaussian noise (AWGN) channel and showed that
FTN is often better than the conventional orthogonal signal-
ing.3 Werner and Andreas proposed a nonorthogonal FDM
(NOFDM) system based on nonorthogonal pulses that are
adapted to realistically available a priori knowledge of the
channel and the results show that the choice of nonorthogonal
pulses is optimum for minimizing the ISI and Inter Carrier
Interference (ICI) introduced by the non-ideal channel.4 By
optimizing the spacing between adjacent signals to maximize
the achievable spectral efficiency, a transmission scheme con-
sisting of the superposition of two independent signals with
suitable power allocation and a two-stage receiver was pro-
posed in Ref.5. Other nonorthogonal modulation techniques
with a high bandwidth efficiency were proposed in Refs.6–9.
The existing nonorthogonal modulations are designed
mainly in terms of time-domain spacing of contiguous pulses
and channel characteristics. Although our goal in this paper
is similar to the above mentioned works, we explore here a
novel design method of nonorthogonal pulses based on prolate
spheroidal wave functions (PSWFs). PSWF has the best
energy concentration in both the time and frequency domain
and its center frequency and bandwidth can be set to any avail-
able value, which provides a flexible and effective method to
partition signal energy on the time–frequency plane.10 We ana-
lyze the relationship between spectral efficiency and bit error
ratio (BER) for PSWF pulses with a high energy concentra-
tion, and a capacity optimization model for nonorthogonal
pulse shape modulation is established. By solving the model,
a transmission scheme of nonorthogonal pulse shape modula-
tion with the maximal capacity is obtained.
The rest of the paper is structured as follows. The
nonorthogonal pulse shape modulation based on PSWF pulses
is proposed in Section 2. Section 2 also analyses the relation-
ship between spectral efficiency and BER for QAM and
nonorthogonal pulse shape modulation (NPSM). The con-
strained capacity of nonorthogonal PSM is derived and a mod-
ulation channel capacity optimization model for NPSM is
established in Section 3. By solving the model, an optimal
scheme for NPSM based on PSWF (PSWF–NPSM) is
acquired. Experimental and test results of the PSWF–NPSM
scheme are presented and discussed in Section 4. Finally, some
concluding remarks are given in Section 5.
2. Nonorthogonal pulse shape modulation based on PSWFs
2.1. Pulse waveform design based on PSWFs
For the nonorthogonal modulations, system performances are
mainly determined by the employed pulses. PSWF was firstly
discovered by Slepian and Pollak in Bell Labs.10 PSWF has
a maximum energy concentration between the interval½T;T as a bandlimited function, and its bandwidth and time
duration can be flexibly set. Wyner proposed a physically con-
sistent model based on PSWF for the time-continuous and
bandlimited channel.11 For the above excellent properties, an
Ultra-wideband pulse design based on PSWFs was presented
in Ref.12, and a cognitive radio system based on PSWF was
proposed in Ref.13. Researches on PSWF were also conducted
in satellite communication, code division multiple access
(CDMA) and channel estimation.14–16 The demodulation
method for multidimensional constellation signals based on
PSWFs is studied in Ref.17. Taking the flexibility of pulse
design and energy concentration into account, PSWF is the
optimal pulse waveform for nonorthogonal pulse shape mod-
ulations. Slepian discovered that the PSWF is the eigenvalue
function of finite time-domain Fourier transform and the inte-
gral equation definition is expressed as
knwnðc; tÞ ¼
Z T=2
T=2
sinðXðt sÞÞ
pðt sÞ wnðc; sÞds ð1Þ
where kn is the eigenvalue of the equation and n the order of
PSWF. The time-bandwidth product c ¼ XT and X is the
bandwidth of wnðc; tÞ. Parr et al. gave the definition of PSWF
band-limited to [f1,fh]
12:
Z T=2
T=2
wnðsÞhðt sÞds ¼ knðcÞwnðtÞ ð2Þ
where knðcÞ is the eigenvalue of the equation and h(t) is the
impulse response of ideal filter band-limited to [f1,fh]:
hðtÞ ¼ 2fhsincð2fhtÞ  2flsincð2fltÞ ð3Þ
The band-limited PSWF wnðc; tÞ has the parameters of the
time duration T, the upper frequency fh, the lower frequency
f1, the order number n and the time-bandwidth product
c ¼ 2pðfh  flÞT. For a given time-bandwidth product c, the
number of available orthogonal PSWF pulses with a high
energy concentration is ð2c 2Þ.18 Therefore, the Nyquist rate
can be rapidly approached by the use of PSWF pulses. For
example, non-sinusoidal orthogonal modulation in the time
domain (NSOMTD), which employs orthogonal PSWF pulses
to transmit information, can rapidly approach Nyquist rate
and its spectral efficiency is increased faster than that of
OFDM as the number of parallel modulated signals
increases.19 However, further research on the NSOMTD
shows that the Schmidt orthogonality procedure will decrease
the energy concentration of PSWF pulse and lead to spectral
regrowth.
To maintain a high energy concentration of PSWF pulses,
the orthogonality restriction for PSWF pulses is given up.
Meanwhile, the spectra of PSWF pulses are pairwise over-
lapped to improve spectral efficiency. The overlapping factor
of two contiguous subbands is k ð0 6 k < 1Þ and the PSWF
pulses are designed in each subband. The design of nonorthog-
onal PSWF pulses proceeds as follows:
(1) Ascertain the subband number M and the overlapping
factor k by the spectral efficiency q, and they satisfy:
q ¼ Mð2c 2Þ
c½kþ ð1 kÞM ð4Þ
Fig. 1 Schematic diagram of channel division with 50% over-
lapping spectrum for PSWF pulses.
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subbands with the overlapping factor k. With 50%
overlapped subbands, a schematic diagram of channel
division for PSWF pulses is shown in Fig. 1.
(3) By the subband numberM and the overlapping factor k,
ascertain the pulse number N in each subband and the
time duration T of PSWF pulse, which satisfy
N ¼ 2c 2; B ¼ c½kþ ð1 kÞM=T ð5Þ
where B is the total bandwidth.(4) In each subband, the integral equation of bandlimited
PSWF pulses for each subband is constructed by Eq.
(2) and the equation is solved through the discretization
of Eq. (2). By sampling at a rate of N s samples per pulse
period, the integral equation is expressed as
k
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ð6ÞBy expressing Eq. (6) in vector form, we get kw ¼ Hw. The
discrete value of PSWF pulse is an eigenvetor of H. Solve all
the PSWF pulses in each subband and the design of PSWF
pulses is completed.
2.2. Nonorthogonal pulse shape modulation
The modulated signals of nonorthogonal pulse shape modula-
tion based on PSWF (PSWF-NPSM) in a symbol time are
expressed as
sðtÞ ¼
XNp
i¼1
diwiðtÞ ðn 1ÞT < t < nT ð7Þ
where wiðtÞ is the employed PSWF pulse and Np the number of
PSWF pulse. As seen in Eq. (7), in the nonorthogonal pulseshape modulation (NPSM) the Np multiple modulated pulses,
which are designed in Section 2.1, are summed in the time
domain to transmit. Pulse amplitude modulation (PAM) is
applied to each PSWF pulse. The designed pulses have finite
energy and are normalized so as to ensure equal energy per
symbol. What differs NPSM from traditional pulse shape mod-
ulation is that the employed pulses in NPSM are nonorthogo-
nal. The modulation data vector ½d1; d2; . . . ; dNp  in Eq. (7)
can be regarded as a point of a multidimensional constellation.
In order to improve spectral efficiency of PSWF–NPSM,M-ary
PAM modulation is implemented by each PSWF. For PSWF
does not have an analytic expression, it is hard to modulate
the pulse by its phase or frequency. Therefore, the PSWF pulses
are modulated by finite alphabet amplitudes in PSM.
When pulse waveform design is completed, system perfor-
mances of NPSM are mainly determined by multidimensional
modulation constellations. The optimal design of modulation
constellations is not the focus of the paper. Here we use a com-
mon Np-dimensional cube constellation. When the number of
modulation amplitudes is k, modulation data of finite alphabet
for a cube constellation satisfies di 2 f1;3; . . . ;ð2k 1Þg.
There are ð2kÞNp constellation points in multidimensional
space and all the constellation points are vertices of a Np-
dimensional cube centered in the origin.
In the NPSM, the information data needed to transmit
firstly go through a serial-to-parallel converter to Np-multiple
information vector ½d1; d2; . . . ; dNp , which is extended by Np
times in the time domain; then the set of nonorthogonal pulses
fw1ðtÞ;w2ðtÞ; . . . ;wNpðtÞg is modulated by the information vec-
tor ½d1; d2; . . . ; dNp ; finally, all the modulated pulses are super-
imposed in the time domain to output.
For the AWGN channel, the demodulation performance of
matched filtering (MF) is optimal. For the PSWF–NPSM, the
employed pulses are nonorthogonal and it induces the ISI in the
receiver. For this case, the channel does not satisfy the AWGN
hypothesis and the MF demodulation is not optimal. Let the
transmitted constellation point be Di ¼ ½di1; di2; . . . ; diNp , and
the corresponding transmitted and received signals be siðtÞ
and rðtÞ. Then the conditional probability distribution function
(PDF) of the transmitted signal siðtÞ is expressed as p½rðtÞ=siðtÞ.
When p½rðtÞ=siðtÞ is maximized, the demodulation perfor-
mance is optimal. The detection principle for maximizing the
conditional PDF of the transmitted signal is the most-likely
ML principle. Therefore, we adopt the ML demodulation to
obtain the modulation data in the receiver. According to the
ML principle, when the conditional probability density func-
tion p½rðtÞ=siðtÞ for the received signals is maximized, the
demodulation constellation point d 0i should satisfy
d 0i ¼ arg min
i
ksiðtÞ  rðtÞk
n o
ð8Þ
As seen in Eq. (8), the minimum Euclidean distance of dif-
ferent modulated waveforms determines the BER performance
of NPSM.2.3. Performance analysis of nonorthogonal pulse shape
modulation based on PSWFs
Spectral efficiency and bit error ratio (BER) are two key per-
formance indexes of communication system and the two
indexes of PSWF–NPSM are derived in the following.
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k (0 6 k 6 1) and the subband number is M, the total band-
width B and the subband bandwidth B0 have the following
relationship:
B ¼ ½kþ ð1 kÞMB0 ð9Þ
Let T denote pulse duration and c denote time-bandwidth
product for each subband, and the number N of PSWF pulses
with high energy concentration in each subband satisfies
N ¼ 2c 2. The symbol rate Rs of PSWF–NPSM is expressed
as
Rs ¼ MN=T ¼ MB0ð2c 2Þ=c ð10Þ
By Eqs. (9) and (10), the bit spectral efficiency gPSWF–NPSM
of PSWF–NPSM is
gPSWF–NPSM ¼
MB0ð2c 2Þ
Bc
lbð2kÞ ¼ Mð2c 2Þ½kþ ð1 kÞMc lbð2kÞ
¼ Rs0lbð2kÞ
ð11Þ
where Rs0 ¼ Rs=B. When Np PSWF pulses with a high
energy concentration are employed in NPSM, the set of mod-
ulation amplitudes for each pulse is assumed to be
f1;3; . . . ;ð2k 1Þg and the number of finite input alpha-
bet is ð2kÞNp . The number of modulation symbols in a quad-
rant satisfies L ¼ M=2Np ¼ kNp and the energy sum of the
corresponding modulation symbols is LEs with the symbol
energy Es.
When the energy sum of modulation symbols in a quadrant
is expressed as the coordinates of all the constellation
points, the occurrence number of each amplitude is NpL/k.
Let the unit of modulation amplitude be d, and for the two
expressions of the energy sum of modulation symbols in a
quadrant we can get
kð4k2  1Þ
3
Npk
Np
k
 d2 ¼ kNEs ð12Þ
The relationship between d and Es for PSWF–NPSM is
d2 ¼ 3lbð2kÞ  Eb
4k2  1 ð13Þ
For nonorthogonal PSWF pulses with pulse energy Ep, the
minimum Euclidean distance of modulated signals is expressed
as dmin ¼ aEp (a 6 2). a is the minimum Euclidean distance
factor, which is determined by the employed pulse waveforms.
From Eq. (13), the minimum Euclidean distance dmin of mod-
ulated signals of PSWF–NPSM satisfies:
d2min;nor ¼ a2d2 ¼
3a2lbð2kÞ  Eb
4k2  1 ð14Þ
As seen in Eq. (14), dmin;nor of NPSM is determined by
employed pulse waveforms and modulation amplitude number
k. For Multiple-ary biorthogonal signals, the minimum Eucli-
dean distance dmin;or satisfies
20:
d2min;or ¼
12lbð2kÞ  Eb
4k2  1 ð15Þ
The popular orthogonal modulations include single-carrier
QPSK and multi-carrier OFDM. OFDM has a data rate
approaching the Nyquist limit and is the key modulationtechnique for many communication standards such as 4G.
The QAM is usually used in conjunction with OFDM to
increase date rate. For OFDM-based on QAM (QAM–
OFDM), when the number of subbands is M and the modula-
tion amplitude is k, the spectral efficiency is
gQAM–OFDM ¼
2M
Mþ 1 lbð2kÞ ¼ Rs1lbð2kÞ ð16Þ
where Rs1 is the symbol spectral efficiency of QAM–OFDM.
QPSK using root raised cosine pulse (RRC–QPSK) is a stan-
dard modulation and often used in practical communication
systems. The bandwidth of RRC pulse with a roll-off factor
b (0 6 b 6 1) is ð1þ bÞ=2T. For RRC–QPSK, when modula-
tion amplitude number is k, the spectral efficiency is
gRRC–QPSK ¼
2
1þ b lbð2kÞ ¼ Rs2lbð2kÞ ð17Þ
where Rs2 is the symbol spectral efficiency of RRC–QPSK.
From Eqs. (16) and (17), spectral efficiencies of orthogonal
modulations are determined by the symbol spectral efficiency
and modulation amplitude number k.
3. Optimization model of capacity for nonorthogonal pulse shape
modulation
3.1. Constrained capacity of nonorthogonal pulse shape
modulation based on PSWFs
For orthogonal and nonorthogonal modulations, their spectral
efficiencies are improved by increasing the number k of modu-
lation amplitudes. Meanwhile, the minimum Euclidean dis-
tance of modulated signals, which determines BER
performance, decreases as the number k of modulation ampli-
tudes increases. The relationship of spectral efficiency and
BER for different numbers of modulation amplitudes is a form
of modulation capacity. NPSM and M-ary orthogonal modu-
lations can be regarded as two kinds of implementations of M-
ary PAM, and what differs them is whether orthogonal pulses
are used. In the additional white Gaussian noise (AWGN)
channel, BER of M-ary pulse amplitude modulation is mainly
determined by the minimum Euclidean distance dmin of modu-
lated signals. The lower bound of symbol error ratio (SER) ps
is expressed by dmin
20
ps P
1
2
Erfcð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2min=4N0
q
Þ ð18Þ
where Erfc is the complementary error function.
For a set of 2k biorthogonal signals, SER and BER
satisfy:
pb ¼
2k1
2k  1 ps ð19Þ
The SER expression in Eq. (18) includes an erfc function
and the computation of SER is complicated. From Eq. (18),
there is a one-to-one correspondence between dmin and SER,
and here dmin is adopted as the measure of BER to simplify
the computation. Therefore, the relationship between the min-
imum Euclidean distance dmin and spectral efficiency g is
derived to obtain the constrained capacity of NPSM. From
Eqs. (15)–(17), the normalized minimum Euclidean distance
of orthogonal modulations is expressed as
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12g
Rs0 2
2g
Rs0  1
  ð20Þ
What differs orthogonal modulations in Eq. (20) is the nor-
malized symbol rate Rs0. In the orthogonality restriction, the
normalized symbol rate in Eq. (20) satisfies Rs0 6 2. The
derivation of d 2min;orðRs0; gÞ with respect to Rs0 is
@d 2min;orðRs0; gÞ
@Rs0
¼ 
1 2g ln 2
Rs0
 
2
2g
Rs0  1
R2s0 2
2g
Rs0  1
 2 > 0 ð21Þ
From Eq. (21), the normalized minimum Euclidean distance
of orthogonal modulations is a monotone increasing function
for the variable Rs0, and we have d
2
min;orðRs0; gÞ 6 d 2min;orð2; gÞ.
When the symbol rate is Nyquist rate (Rs0 ¼ 2), the minimum
Euclidean distance in Eq. (20) approaches maximum value.
Here we choose it as the typical orthogonal modulation to com-
pare with nonorthogonal PSM. When Rs0 ¼ 2, the minimum
Euclidean distance of orthogonal modulation is
d 2min;orðgÞ ¼
6g
2g  1 ð22Þ
From Eqs. (11) and (14), the normalized minimum Eucli-
dean distance of orthogonal modulation is
d 2min;norðRs0; gÞ ¼
d 2min;nor
Eb
¼ 3a
2g
Rs0 2
2g
Rs0  1
  ð23Þ
For a set of PSWF pulses, its minimum Euclidean distance
factor a is determined by the normalized symbol rate Rs0. In
Eq. (23) a is a function of Rs0, and it is difficult to compute
the derivation of d 2min;norðRs0; gÞ with respect to Rs0 and g. Here
we directly compute the minimum Euclidean distances for all
the combinations of discrete Rs0 and g values. When the sub-
band numberM= 2–10, the time-bandwidth product of pulse
c= 2–8 and the spectral overlapping index k= 0.5–0.95, the
PSWF pulses are designed with the method in Section 2.1.
The minimum Euclidean distances of nonorthogonal modu-
lated signals using the designed PSWF pulses are computed,
and the results of d 2min;norðRs0; gÞ for the combinations of Rs0
and g are plotted in Fig. 2.
Fig. 2 shows that as the spectral efficiency g and the nor-
malized symbol rate Rs0 increase, d
2
min;norðRs0; gÞ decreasesFig. 2 Normalized minimum Euclidean distances vs spectral
efficiencies and symbol rates.rapidly. For the spectral efficiency g, d 2min;norðRs0; gÞ shows a
more rapid decreasing tendency. For some Rs0 values like
Rs0 ¼ 2:5 and 3:5, d 2min;norðRs0; gÞ is larger than that of the
neighborhood of Rs0 for the same spectral efficiency g, which
exhibits an obvious peak of wave in the three-dimensional dia-
gram. When Rs0 P 4, the minimum Euclidean distances
remain the low values and do not change greatly with the spec-
tral efficiency. To improve the capacity of nonorthogonal PSM
by utilizing peaks of wave in Fig. 2, the peaks of wave are the-
oretically analyzed and an optimization model for nonorthog-
onal PSM capacity is established.
3.2. Optimization model for maximal capacity of nonorthogonal
pulse shape modulation
The spectral efficiency of the nonorthogonal PSM is improved
by increasing the number k of modulation amplitudes. When
the minimum Euclidean distance of nonorthogonal PSM is lar-
ger than that of orthogonal modulations for the same spectral
efficiency and symbol rate, the nonorthogonal PSM has a
higher capacity than orthogonal modulations. From Eq. (23)
and Fig. 3, the Euclidean distance factor a should be
maximized and the absolute value of the gradient of
d 2min;norðRs0; gÞ function for k should be minimized in order to
obtain the maximal Euclidean distance. Here we express
d 2min;nor in Eq. (23) by k and a and the derivation of d
2
min;nor with
respect to k for the nonorthogonal PSM is
@d 2min;norðk; aÞ
@k
¼ 3a
2f4k2½1 2 ln 2lbð2kÞ  1g
Rsð4k2  1Þ2
ð24Þ
Similarly, the derivation of d 2min;nor with respect to k for
orthogonal modulations is
@d 2min;orðkÞ
@k
¼ 6f4k
2½1 2 ln 2lbð2kÞ  1g
ð4k2  1Þ2
ð25Þ
The two derivations in Eqs. (24) and (25) have the same
form, and what differs them are the prepositive factors. When
nonorthogonal PSM satisfies a2=Rs0 6 2, we have
@d 2min;norðk; aÞ
@k

 6
@d 2min;orðkÞ
@k

. Meanwhile, the minimum Eucli-
dean distance d 2min;nor of nonorthogonal PSM for the initial
spectral efficiency g ¼ Rs0 satisfies d 2min;norðRs0Þ ¼ a2 < 4. In
other words, the initial d 2min;nor of nonorthogonal PSM is less
than that of orthogonal modulations and the decreasing gradi-
ent of d 2min;nor for k is less than that of orthogonal modulations.
Therefore, there should exists some geq, which satisfies
jd 2min;norðgÞj > jd 2min;orðgÞj for g > geq. The two kinds of modula-
tions have the same d 2min for the spectral efficiency geq. Combin-
ing Eqs. (22) and (23), we get the equation of geq
6geq
2geq  1 ¼
3a2geq
Rs0 2
2geq
Rs0  1
  ð26Þ
Eq. (26) is a transcendental equation and the analytic solu-
tion of geq is hard to solve. Here we solve Eq. (26) by the dis-
cretization method. For all the schemes of nonorthogonal
PSM based on PSWFs satisfying a2=Rs0 6 2, the capacity of
1704 Z. Chen et al.the modulation scheme with the least geq can exceed that of
orthogonal modulations in the widest value range of spectral
efficiency. Therefore, the set of nonorthogonal PSWF pulses
with the least geq is the optimal scheme of the nonorthogonal
PSM with the maximal modulation capacity. Based on the
four parameters of PSWF pulses, the capacity optimization
model is constructed as follows:min geq ¼ Rs0lbð2kÞ; Rs0 ¼
MN
½kþ ð1 kÞMc
s:t:
a2ð2kÞRs0  8Rs0k2 þ 2Rs0  a2 ¼ 0
a2=Rs0 6 2
1 6M 6Mmax; 2 6 c 6 cmax; c 6 N 6 2c 2; kmin 6 k 6 kmax; MN < Nmax; Rs0 P Rmin
M;N; c; k 2 N; k 2 R
8>><
>>:
ð27Þ
Table 1 Parameters of nonorthogonal NPSM schemes.
No. M k c Rs0 a2 k geq (bit  s1 Hz1)
1 5 0.9 2 3.57 0.13 6 12.8
2 2 0.8 4 2.5 1.34 6 8.96
3 2 0.85 4 2.6 1.67 3 6.7
4 5 0.9 2 3.57 0.13 6 12.8
5 3 0.9 3 3.33 0.15 8 13.32
Fig. 3 Waveform of PSWF Pulse.where M;N; c; k are variables and a;Rs0; k are determined by
the variables. When the number of PSWF pulses is large, the
ML demodulation is too complicated to implement in the
receiver. Therefore, we set the upper limit Nmax for the number
of PSWF pulse. In order to maintain the high spectral effi-
ciency of PSWF–NPSM, the lower limit Rmin for the symbol
rate is set in Eq. (27).
3.3. Exhaustive self-adapting gradient search algorithm for
capacity optimization model
The optimization model in Eq. (27) is nonlinear and it includes
several variables and constraint conditions. The traditional self-
adapting gradient search algorithm has a low rate of conver-
gence for the nonlinear models and tends to be trapped in a
local optimum. To solve the problems, we propose an exhaus-
tive self-adapting gradient search algorithm. In this search
algorithm, we firstly exhaustively search all the combinations
of PSWF parameters satisfying a2=Rs0 6 2 by a large step and
choose the combinations with the first K least geq; in the sphere
of each combination of PSWF pulses, we get the local optimum
solution by the self-adapting gradient search algorithm; finally,
the combination of PSWF pulses with the least geq among the
sphere of K combinations is selected as the globally optimal
solution of Eq. (27). The algorithm proceeds as follows:
(1) Set searching steps of PSWF pulse parametersM ;N ; c; k,
search all the combinations of parameters in the
domains by the step and compute the corresponding
minimum Euclidean distance factor a and normalized
symbol rate Rs0 of each combination.
(2) If a combination of PSWF parameters satisfies
a2=Rs0 6 2, compute its geq in Eq. (27); if not, go to
the next combination of parameters.
(3) In all the combinations of PSWF parameters satisfying
a2=Rs0 6 2, choose the combinations with the first K
least geq, and for each combination, search a local opti-
mum solution by the self-adapting gradient method in
the sphere of the parameter combination.
(4) Of all the K local optimum solutions, find the combina-
tion of PSWF parameters with the least geq, which is the
nonorthogonal PSM scheme with the maximal capacity.4. Simulation and test results
Let the design frequency band be [50,60] MHz, Mmax ¼ 10,
cmax ¼ 8, Nmax ¼ 12, Rmin ¼ 2:48, the lower limit for the over-
lapping factor kmin ¼ 0:3 and the upper limit kmax ¼ 0:95. For
this case, the optimization model in Eq. (27) is solved by the
exhaustive self-adapting gradient search algorithm. Theexhaustive searching step for k is 0.05, and the steps for M,
N and c are all 1. The parameters of the nonorthogonal
PSM schemes with the first five least geq are shown in Table 1.
In the second column of Table 1, the expression in the
parentheses is the relationship of the pulse number N in each
subband and the pulse time-bandwidth c for the scheme. The
variable k is rounded up in the table. Comparing all the
schemes in Table 1 comprehensively, Scheme 3 has the least
geq and the corresponding k is also the least of all the schemes.
Therefore, Scheme 3 is selected as the optimal nonorthogonal
PSM scheme with the maximal capacity, and its performances
are simulated and tested. The waveform of single PSWF pulse
with zero order in the first subband is simulated and shown in
Fig. 3. The power spectral density (PSD) of this pulse is also
simulated and plotted in Fig. 4.
Maximal capacity nonorthogonal pulse shape modulation 1705As is shown in Figs. 3 and 4, the energy of PSWF pulse is
concentrated in the given time domain and frequency band.
The PSD of the PSWF pulse has about 35 dB power reduction
at the 50 MHz. The capacity of the optimal scheme is shown in
Fig. 5. For comparison, that of orthogonal modulation is also
shown in Fig. 5. The normalized Euclidean distances of QAM–
OFDM with 128 multiple sinusoidal signals and the
nonorthogonal PSM scheme for different spectral efficiencies
are compared and the results are shown in Fig. 6.
As shown in Fig. 5, the required Eb=N0 of the initial capac-
ity 2:6bit  s1 Hz1 for PSWF–NPSM is about 13.8 dB, which
is about 2.8 dB larger than that of orthogonal modulation with
the same capacity. However, the capacity of PSWF–NPSM
increases more rapidly as Eb=N0 than that of orthogonal mod-
ulation. When Eb=N0P 20dB, the capacity of PSWF–NPSM
begins to exceed orthogonal modulation, which verifies the
accuracy of the theoretical results in Table 1. According to
Fig. 6, the Euclidean distance of the initial spectral efficiency
2:6bit  s1 Hz1 for PSWF–NPSM is less than that of
QAM–OFDM with the same spectral efficiency. However, the
Euclidean distance of PSWF–NPSM decreases more slowly as
the spectral efficiency than that of QAM–OFDM. When
gP geq¼ 6:7bit  s1 Hz1, the minimum Euclidean distance
of PSWF–NPSM begins to exceed QAM–OFDM, whichFig. 5 Comparison of capacities of PSWF–NPSM and ortho-
gonal modulation.
Fig. 4 Power spectral density (PSD) of PSWF pulse.coincides with the theoretical results in Table 1. The spectral effi-
ciencies of nonorthogonal PSM and QAM–OFDM for different
numbers of modulation amplitudes are given in Fig. 7.
From Fig. 7, the spectral efficiency of PSWF–NPSM at the
initial point k ¼ 1 is larger than that of QAM–OFDM. As the
number of modulation amplitude increases, the spectral
efficiency of PSWF–NPSM improves faster than that of
QAM–OFDM. In order to further analyze the performances
of two modulations, the signal generation and test platform
are constructed, and the platform includes an arbitrary wave-
form generator and a signal analyzer. The selected arbitrary
waveform generator is Agilent AWG9190 and the signal
analyzer is Agilent N9020A. The PSD and complementary
cumulative distribution function (CCDF) of Peak-to-Average
Power Ratio (PAPR) of modulated signals are tested and
plotted by N9020A. The practical signals of PSWF–NPSM
and QAM–OFDM generated by AWG8190 are shown in
Fig. 8.
The signal waveforms in Fig. 8 have a time duration of
about 10 symbols. By comparing the results in Fig. 8, the
fluctuation of modulated signals of PSWF–NPSM is smaller
than that of QAM–OFDM. The test results of PSDs for
PSWF–NPSM and QAM–OFDM are respectively shown in
Figs. 9 and 10.Fig. 6 Comparison of normalized euclidean distances of
QAM–PSM and PSWF–NPSM.
Fig. 7 Comparison of spectral efficiencies of PSWF–NPSM and
QAM–OFDM.
Fig. 8 Waveforms of modulated signals of PSWF–NPSM and
QAM–OFDM.
Fig. 9 PSD of practical signals for optimal scheme of PSWF–
NPSM.
Fig. 10 PSD of practical signals for QAM–OFDM with 128
Waveforms.
1706 Z. Chen et al.As seen in Fig. 9, the PSD of optimal scheme of PSWF-
NPSM has a 40 dB power reduction at 20 MHz. According
to the test results, the PSD of the optimal scheme of PSWF–
NPSM is well concentrated in the design frequency band.
The expansion of the PSD for the QAM–OFDM is more obvi-
ous and it has a 14 dB power reduction at the 20 MHz. Thesidelobe of PSD of PSWF–NPSM decreases much faster than
that of QAM–OFDM.
Both NPSM and OFDM employ multiple modulated sig-
nals to transmit information, and PAPR of modulated signals
greatly influences the system performance. Here the CCDFs of
PAPR for two modulations are tested by the signal analyzer,
and the results are shown in Fig. 11. The amplitudes of the
modulated signals are normalized before the test.
In Fig. 11, the left data ‘‘x%” is the occurrence probability
of some peak power for modulated signals, and the right
curves are CCDFs of PAPR for modulated signals. In
Fig. 11(a), the left curve is the CCDF of PAPR for the
PSWF–NPSM signals and the right curve is that of Gaussian
noise. The two curves coincide in Fig. 11(b). By comparing
the test results in Fig. 11, for the occurrence probability 103
of peak power, PAPR of PSWF–NPSM signals has an advan-
tage of 1.2 dB over that of QAM–OFDM signals. For the peak
power of modulated signals, PSWF–NPSM is 3 dB lower than
QAM–OFDM. Totally, PSWF–NPSM performs better than
QAM–OFDM in the PAPR performance.
For the case of AWGN channel and modulation amplitude
k ¼ 1, BERs of PSWF–NPSM and QAM–OFDM are simu-
lated with Monte Carlo method and the results are shown in
Fig. 12. The theoretical bounds for BERs of PSWF–NPSM
and QAM–OFDM are also shown in Fig. 12. According to
Fig. 5, the required number of modulation amplitudes of
QAM–OFDM for spectral efficiency geq is k ¼ 6. For
PSWF–NPSM, the required number of modulation amplitudes
satisfies k ¼ 3 at geq by Table 1. For the above two cases, the
theoretical BER bounds and simulation BER curves of Eq.
(18) are also plotted in Fig. 12.
As is shown in Fig. 12, for the case of k ¼ 1 and
BER= 105, QAM–OFDM has an advantage of 4 dB over
PSWF–NPSM. In Fig. 5, when the capacity of QAM–OFDM
is 2 bit  s1 Hz1, its required Eb=N0 is 10 dB. The starting
point of modulation capacity curve for PSWF–NPSM satisfies
k ¼ 1, the capacity be 2:6 bit  s1 Hz1 and Eb=N0 be 14 dB.
Therefore, the simulation result in Fig. 14 verifies the accuracy
of the modulation capacity curves in Fig. 5. In Fig. 12, the
BER performance of PSWF-NPSM starts to surpass that of
QAM-OFDM with the same spectral efficiency from the mod-
ulation amplitude number k ¼ 3, which also validates the
accuracy of geq shown in Fig. 5. The simulation curves of
Fig. 12 BER simulation of PSWF–NPSM and QAM–OFDM.
Fig. 11 CCDF of PAPR for modulated signals of QAM–
OFDM.
Maximal capacity nonorthogonal pulse shape modulation 1707BER coincide with the theoretical bounds for the case of
capacity 6:7 bit  s1 Hz1.From the above test and simulation results, we can see that
the optimal scheme of PSWF–NPSM with the maximal capac-
ity has a similar PSD with QAM–OFDM with the same spec-
tral efficiency and has an advantage of 3 dB over QAM–
OFDM in the PAPR performance. When the number of mod-
ulation amplitudes kP 3, PSWF–NPSM will surpass QAM–
OFDM in the effectiveness and reliability performance.
5. Conclusions
(1) The advantages of the proposed method are; The
PSWF–NPSM has a higher modulation capacity than
the orthogonal modulations in the high Eb=N 0 region;
For the same spectral efficiency, the modulated signals
of PSWF–NPSM perform better than the traditional
QAM–OFDM in the PSD and PAPR properties.
(2) This paper provides an efficient method for the perfor-
mance enhancement of nonorthogonal pulse shape mod-
ulation and the method is suitable for all the
nonorthogonal pulse shape modulations. On the other
hand, an effective way to design a superior modulation
scheme over a standard modulation is provided in this
paper. Therefore, the optimization model of modulation
capacity proposed in this paper has a wide application
range.
(3) The optimal scheme of PSWF–NPSM given in this
paper is appropriate for the bandwidth limited channel
and the optimization model of modulation capacity is
established on the assumption of AWGN channel in this
paper. A majorization design of nonorthogonal pulse
shape modulation in the non-ideal channel needs to be
further investigated in the future.
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